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Abstract. We prove that all immersions of a genus one surface into GjT pos- 
sessing a Toda frame can be constructed by integrating a pair of commuting vector 
fields on a finite dimensional Lie algebra. Here G is any simple real Lie group 
(not necessarily compact), T is a Cartan subgroup and the fc-symmetric space 
structure on GjT is induced from the Coxeter automorphism. We provide nec- 
essary and sufficient conditions for the existence of a Toda frame for a harmonic 
map into GjT and describe those GjT to which the theory applies in terms of 
involutions of extended Dynkin diagrams. 

1. Introduction 

The last few decades have seen significant progress in the understanding and classifi- 
cation of harmonic maps from surfaces into compact real Lie groups and symmetric 
spaces. An important class of harmonic maps are those of finite type, which are 
obtained as the solutions to a pair of ordinary differential equations on a finite di- 
mensional loop algebra. This is a far simpler process than attempting to solve the 
Laplace-Beltrami equation directly, and so motivates us to determine circumstances 
under which harmonic maps are of finite type. Similarly, when the target manifold is 
a ^-symmetric space, k > 2, it is natural to restrict our attention to those harmonic 
maps which are cyclic primitive and ask when these maps are of finite type. Many 
papers (e.g. [lOl [lll|2l [9l HI O [6] ) have addressed these questions when the target Lie 
group or (/c)-symmetric space is compact. We remove the need for this compactness 
assumption and in Theorem 15.21 show that all maps from a genus one surface into 
a fc-symmetric space G/T possessing a Toda frame are of finite type, where G is 
any simple real Lie group preserved by a Coxeter automorphism and T is the cor- 
responding Cartan subgroup. A natural generalisation of the usual 2-dimensional 
affine Toda field equations provides the integrability condition for the existence of 
a Toda frame, and so we make contact with classical integrable systems theory. To 
determine the spaces G/T and the harmonic maps into them to which this theory 
applies we address the following two questions, each of independent interest: 

(1) When does a map from a surface into G/T possess a Toda frame? and 

(2) When is G preserved by a Coxeter automorphism? 
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The first of these is answered in Theorem 14.21 where it is proven that a map from 
a surface into G/T locahy has a Toda frame precisely when it is cyclic primitive 
and a certain function is constant. Cyclic primitive maps are in particular harmonic 
and play an analogous role for /c-symmetric spaces as harmonic maps do for sym- 
metric spaces. This and our finite- type result are the natural extensions of results 
obtained in |3j in the case when G is compact. The second question does not arise 
in the compact situation, since a Coxeter automorphism for a complex simple Lie 
algebra automatically preserves a compact real form q. We characterise when a 
Coxeter automorphism preserves a real form of a complex simple Lie algebra, which 
is equivalent to the corresponding real Lie group G being preserved whenever G 
simply connected or adjoint. Given simple roots for spanning a Cartan subalge- 
bra t*^, let a be the associated Coxeter automorphism and a Cartan involution 
with respect to g that preserves t = g fl t*^. Then a preserves g if and only if 
defines a permutation of the extended Dynkin diagram, so in particular whenever 
t is a maximally compact Cartan subalgebra (Proposition 13. ip . In Theorem 13.21 we 
prove that all involutions of the extended Dynkin diagram for a simple complex Lie 
algebra arise from a Cartan involution for some real form q. 

Harmonic maps from surfaces into Lie groups and symmetric spaces arise naturally 
in many geometric and physical problems. On the geometric side, strong motivation 
comes from the study of surfaces with particular curvature properties. For example, 
minimal surfaces are described by conformal harmonic maps and both constant 
mean curvature and Willmore surfaces are characterised by having harmonic Gauss 
maps into particular symmetric spaces. From the physics viewpoint, these harmonic 
maps are interesting because of their relationship with the appropriate Yang-Mills 
equations and non-linear sigma-models. Indeed the harmonic map equations on a 
Riemann surface are precisely the reduction of the Yang-Mills equations on M^'^ 
obtained by considering solutions invariant under translation in the directions of 
negative signature. Classical solutions of sigma-models are given by harmonic maps 
into (non-compact) as pseudo-Riemannian manifolds. In [7j we study an explicit 
example, namely harmonic tori in de Sitter spaces S^. In particular we apply the 
theory of this paper to the superconformal such maps with globally defined harmonic 
sequence to see that they may all be obtained by integrating a pair of commuting 
vector fields on a finite-dimensional vector space. It follows that all Willmore tori 
in without umbilic points may be obtained in this simple way. 

The structure of this paper is as follows. In section [2] we give the general theory 
for harmonic maps of surfaces into symmetric spaces and for primitive maps into 
A;-symmetric spaces when the relevant Lie group G is equipped with a bi-invariant 
pseudo-metric. The question of when a Coxeter automorphism preserves the real 
form of the complex simple Lie algebra is addressed in section [3] in terms of Cartan 
involutions and extended Dynkin diagrams. Section [5] contains the relationship with 
the affine Toda field equations and the finite type result is proven in section [5j 

It is a pleasure to thank Anthony Henderson for helpful conversations regarding the 
Lie-theoretic results of section [3l 
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2. Finite type maps into symmetric spaces 

The fact that a harmonic map from a surface to a Lie group corresponds to a 
loop of flat connections [15[ [T7| is the fundamental observation that enables one to 
apply integrable systems techniques to the study of these maps. The Cartan map 
G/H —7- G from a symmetric space to the relevant Lie group is well-known to be 
a totally geodesic immersion when G is compact and equipped with a bi-invariant 
Riemannian metric. The composition of a harmonic map with a totally geodesic 
one is again harmonic, so this enables harmonic maps into symmetric spaces to be 
studied using the same tools as those into Lie groups, and in particular in terms of 
a loop of flat connections. We show in Theorem 12.11 that when G has merely a bi- 
invariant pseudo-metric that the Cartan map is again a totally geodesic immersion. 
In particular all reductive Lie groups possess a bi-invariant pseudo-metric. We can 
hence study harmonic maps into G/H using integrable systems methods regardless 
of whether G is compact. 

Let G be a semisimple Lie group. Recall that a homogeneous space G/H is a k- 
symmetric space {k > 1) if there is an automorphism r : G — t- G of order k such 
that 

(G^)o CHCG^ 

where G^ denotes the fixed point set of r, and (G'^)o the identity component of G^ . 
When k = 2, we say that G/H is a symmetric space. We have the induced action 

T : G/H G/H 
gH ^ T{g)H. 

We write r also for the induced automorphism of g and note the Z^-grading 

k-l 

i=o 

where gj denotes the e-^~fc~ -eigenspace of r. 

We shall be interested in harmonic maps from a Riemann surface S into a symmetric 
space G/H. When G is compact, the Killing form on g induces a bi-invariant metric 
on G/H and the harmonic map equations for f : Ti ^ G/H may either be calculated 
directly [20], using Noether's Theorem [16], or by composing / with the Cartan map 
G/H —7- G, which is well-known in this case to be a totally geodesic immersion [8j. 
Recall here that the Cartan map of a symmetric space is given by 

l: G/H^G 
gH ^ T{g)g^\ 

We suppose merely that G has a bi-invariant pseudo- metric. Then analogous com- 
putations hold; in particular we can reduce the problem to studying harmonic maps 
into the Lie group G due to the following result. 
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Theorem 2.1. Let G be a semisimple Lie group with bi-invariant pseudo-metric 
(■,•) and G/H a symmetric space with respect to the involution t : G ^ G. Then 
i : gH T{g)g~^ is a totally geodesic immersion G/H G . If H = G'^ , then l is 
additionally an embedding. 

Let us call a Lie group G reductive if its Lie algebra g is reductive, that is has 
radical equal to its centre. Then g may be written as the direct sum of a semisimple 
Lie algebra and an abelian one. On the semisimple Lie algebra the Cartan-Killing 
form is non-degenerate, whilst on the abelian algebra any bilinear form is invariant 
under the adjoint action of the group. Combining these we obtain the existence of a 
bi-invariant pseudometric on any reductive Lie group, and hence the above theorem 
in particular applies when G is reductive. 

Proof. L is an immersion: Suppose digH{^' {^)) = for some smooth path 7 in G/H 
with 7(0) = gH. Take a lift 7 of 7 to G with 7(0) = g and write tt : G ^ G/H for 
the projection. Then 

' ■ m)) m))'") = dr,{j'mg-' - r{g)g-^'{0)g-\ 



0= , 
dt 



t=o 



r I 



so 



dTe{g-'^'m = T{g-')dTg{^'{0)) = g-'j'{0) 
and 7'(0) is zero in TgH{G/H) so digH is injective. 

L is totally geodesic: Let V' denote the connection on G obtained by trivialising 
TG by left translation, and similarly V that induced from trivialising by right 
translation. A computation shows that V = -|- adg-i^ig and hence 

V = i(V^ + V^) 
is the Levi-Civita connection of the pseudo-metric (•, ■). 

Denote by exp : g — >■ G the Lie-theoretic exponential map, and by e the differential- 
geometric exponential map associated to the Levi-Civita connection V. Note that 
as in the definite case, for each X ^ q the map 

IX ■ G 

t ^ e*^ 

is a geodesic, i.e. V^^7^ = 0, so exp and e agree on the domain of e. Since the 
pseudo-metric is bi-invariant, we conclude that the geodesies through g £ G are 
locally of the form j{t) = ge^-^ . Denote by m the (— l)-cigcnspacc of r : g — > g, and 
note that g = f) © m, where f) is the Lie algebra of H. The lift 7(t) = ge*^ H is 
horizontal, in the sense that 7'(i) G ge^^m. Thus the geodesies in G/H through gH 
are locally of the form ^{t) = ge*^ H. Since 

i{ge*^H) = ge*^T{e-*^)T{g-^) = ge^*^T{g-^) = gTig-^)e*^^s^^^^s~^^ 
is again a geodesic, we conclude that l is totally geodesic. 
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If H = , then l is an embedding: In this case if i{giH) = L{g2H), then g^ ^g2 = 
T{gY^g2), and so 5^^(72 ^ H, and thus t is injective. □ 

Let F : U ^ G he a smooth lift of / : U — )• G/H on some simply connected 
[/ C S, where we assume henceforth that G is semisimple and has a bi- invariant 
pseudo-metric (we will later restrict our attention to simple such G.). By the above 
theorem, / is harmonic if and only if i o / is. The Maurer-Cartan form on G is the 
unique left-invariant g- valued 1-form which acts as the identity on q. We denote it 
by uj, and note that if G is a linear group, then u = g~^dg. We will use this notation 
throughout even in the non-linear case. Write / = i o / and $ = f*{uj) = f~^df. 
For any smooth /, the form ^> satisfies the zero-curvature condition 

(1) d«> + ^[$A$] =0, 

known as the Maurer-Cartan equation. Recall that for vector fields X, Y, 

[$ A^>](X,y) = 2[^,^]{X,Y) = [^{X),^{Y)]. 
The condition that the map / : S — )• G is harmonic can be written as 

(2) d*<^ = 0. 
Noting that / = t{F)F~^, we have 

(3) $ = F (r(F)-id(T(F)) - F-Uf) F'^ = -2AdF{^.n), 

where if = tpt^ + is the decomposition of if := F^^dF into the eigenspaces of r. 
Then ^ becomes 

(4) = d{AdF{*(Pm)) = Adpid + b A *ipm\) 
or equivalently, 

(5) d*(pm + [ip /\ *iPm\ = 0. 

One can also compute the harmonic map equations directly for /. Writing [m] for 
the subbundle of G/H x g whose fibre at (7 • x is Adg(m), we have an isomorphism 
[m] ^ T{G/H)] given by 



[m], ^ TyG/H 
Y^ 



d 
di 



e*^ • y. 



The inverse of this isomorphism defines a g-valued 1-form 6 on the symmetric space 
G/H, which we term its Maurer-Cartan form. Then |16j / is harmonic if and only 
if 

d*{r9) = o 

and using that 

re = Ad^((^,n) 
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we recover Write (p'^ + ip'^ for the decomposition of (pm into dz and dz parts. 
Since [tn,m] C f), a straightforward computation shows ([T]) and ^ are equivalent to 
the requirement that for each A € S^, the form 

(6) P\ = X<P>'m + '/'ll + A" Vm 
satisfies the Maurer-Cartan equation 

(7) d(pA + ^^A A^a] = 0. 

Some solutions to ([TD can be obtained simply by solving a pair of commuting ordinary 
differential equations on a finite-dimensional loop algebra. These unusually simple 
solutions are said to be of finite type. 

Let G/K be a ^-symmetric space for k > 2 and r the corresponding /cth order 
involution. As we shall now explain when mapping into a fc-symmetric space for 
A; > 2 it is natural to restrict our attention to a subclass of harmonic maps consisting 
of those which are primitive, a notion that we now define. Again we have the 
reductive splitting 

g = fiep 

with 

i=i 

Similarly to before we may define the Maurer-Cartan form 9 of the A;-symmetric 
space G/K when k > 2. For any smooth lift F : U G oi : U ^ G/K, writing 
if = F*uj we have 

We say that a smooth map ip oi a surface S into G/K is primitive if the image of 
ip*9' is contained in [gi]. Equivalently, it is primitive precisely when p' = F~^dF 
takes values in gj © q[. Using that [g[,gL]^] C Qq, the Maurer-Cartan equation for 
(p decomposes into gj, gg and g^i components as 

(8) d^'^ + [ipt A (^;] = 

M + ^ [<^t A v?e] + A ] = 
dp^l + [^i A p';] = 0. 

Prom these equations one easily verifies that primitive maps are in particular har- 
monic. Moreover [5j if G/i? is a symmetric space with K C H and the corresponding 
reductive splitting preserved under r, then the projection oi ip : T, ^ G/ K into G/H 
is harmonic. An analogous calculation to that above shows that on simply connected 
subsets [/ C S, a primitive map ip : U ^ G/K is equivalent to a loop 

(9) = A93^ + (^t + A- Vp , Ae5i 

of g-valued 1-forms each satisfying the Maurer-Cartan equation. We see then that 
both harmonic maps into symmetric spaces and primitive maps into fc-symmetric 
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spaces are governed by the same equation ([7]) so we turn now to the question of 
constructing solutions to this equation. 

Let QG be the loop group QG = {7 : S*^ — > G} with corresponding loop algebra 
Jig := : 5^ — )• 0} , where the loops are assumed real analytic without further 
comment. We use Og^ to denote loops in the complexified Lie algebra g^. For 
studying maps into /c-symmetric spaces it is helpful to consider the twisted loop 
group 

n-G={^:S'^G:^{e'^')=T{jiX))} 

and corresponding twisted loop algebra Q'^q along with its complexification Q'^q^. 
The (possibly doubly infinite) Laurent expansion 

j 

allows us to filtrate il^g*^ by finite-dimensional subspaces 

Q'^ = e fig \ = whenever |j| > d). 

Fix a Cartan subalgebra t of g such that t C and recall that a non-zero a G (t*^)* 
is a root with corresponding root space C g*^ if [Xi, X2] = a{Xi)X2 for all Xi E t 
and X2 G Q°'. We denote the set of roots by A and employ the same notation for 
the root system formed by considering A as a subset of (t*^)*. Choose a set of simple 
roots, that is a subset {qi, . . . , aAr} of A such that every root a G A can be written 
uniquely as 

N 

i=i 

where the rrij are either all positive integers or all negative integers. The height of 
a is h{a) = '}2f=i''^j ^^'^ root(s) of maximal height are called highest root(s) 
whilst those of minimal height are termed lowest root(s). 

We similarly define the root spaces of . Let n be the nilpotent algebra consisting 
of the positive root spaces of with respect to a choice of simple roots and consider 
the resulting Iwasawa decomposition 

(10) = n e e 

of t^. Then for ry G and a local coordinate z on E, decomposing according to 
we have 

{rjdz)\^ = r{r])dz + r{rj)dz 
where r : — > t*^ is defined by 



(11) 
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The key observation here is that for simply-connected coordinate neighbourhood 
[/ C E, if ^ : [/ ^ satisfies 

(12) § = [C,Ae. + r(C.-i)] 

then 



^\ = {Kd + r{U-i))dz + {\-^i-d + r{id-i))dz 
satisfies the Maurer-Cartan equation ([7]) (c.f. [5], Theorem 2.5). The equation 

i(X(0-iy(0) = (Aed + r(Crf-i)) 

defines vector fields X, Y on Vtd- A straightforward computation shows that these 
vector fields commute and so finding solutions to (|12p is merely a matter of solving 
a pair of commuting ordinary differential equations. This yields a rather special 
class of solutions to the Maurer-Cartan equations d?]) and hence of harmonic maps 
to symmetric spaces and primitive maps to /c-symmetric spaces, k > 2. The fiows 
of X, Y are easily seen to evolve on spheres in Q^,- When G is compact, so are these 
spheres and hence X, Y are complete and for any initial condition the differential 
equation (|12|) has a unique solution on U. However when G is non-compact the 
completeness of X, Y is not guaranteed. 

Definition 2.2. A harmonic map f : T, ^ G/H to a symmetric space or a primitive 
map ip : Ti ^ G/K to a /c-symmetric space, A: > 2 is said to be oi finite type if it has 
a lift F : S — )• G for which there exists a smooth map ^ : M — ?> il^g satisfying 

(13) t^C=[C,¥^A] 
and 

(14) = {Xid + r{id-i))dz + (A-^e-d + ^i^))d-z. 

Here ip\ and r are defined in ([9]) and (jlip for the primitive case and in ([6]) and the 
obvious analogue to (jlip for the harmonic case. 



We introduce some terminology for later use. A formal Killing field for f oi \s a, 
smooth map ^ : S — )■ O'^g satisfying the Lax equation (I13p . When ^ takes values in 
some it is termed a polynomial Killing field of degree d and when it additionally 
satisfies (jl4p it is an adapted polynomial Killing field. 

When the automorphism r : g*^ — )• g*^ is of the form r = AdexpM for some M G t*^ 
where t is a Cartan subalgebra of g, then we can express the eigenspaces gj of r in 
terms of root spaces. 

Given our chosen set of simple roots Oj, denote by rjj the corresponding dual basis 
of t*^. For any root a = miOi + . . . m^aN, smooth map sj : Tj ^ C and root vector 
Ra ^ Q", 8l straightforward computation shows that 



(15) 



Adexp(si,,i+...sjvr?iv) = exp(miSi + . . . mNSN)Ra- 
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Note that expfmisi + . . .mj\fSN) is a scalar function. Given r = Ad ^f2-Kif^^ ^ ^^ 
we have 

N N 

qJ = span{i?Q,|a = ''^^nijaj, SjTUj = I mod (k)}. 

In particular if we let — 1 denote the maximal height of a root of and suppose 

(16) cT:=Ad^^^^2^^N^^^^^, 

then a is of order k and from (|15p it acts on the root spaces by 

(17) aiR^) = exp (^^) R^. 

We recognise the inner automorphism a as the Coxeter automorphism associated 
to the identity transformation of the simple roots [Ij. It plays an important role 
here because when it preserves the real Lie group G, it allows us to view G/T as 
a /c-symmetric space for which is the sum of the simple and lowest root spaces. 
Here T is a Cartan subgroup with Lie algebra t. Furthermore since K = T in this 
case, the map r described in (jlip is simply multiplication by ^ and so the adapted 
polynomial Killing field condition (|14|) simplifies. Taking this A^-symmetric space 
structure on G/T, we say that a smooth map ip : Ti ^ G/T is cyclic primitive if 
it is primitive and satisfies the condition that the image of ■0*0' contains a cyclic 

element. Writing ao for the lowest root, an element in (^©^Lo^"^) cyclic if its 
projection to each of the root spaces Q'^^^Q"^^, . . . is non-zero. We henceforth 

assume that G is simple in order to guarantee the uniqueness of the lowest root 
(that is, we assume that G is connected and g is simple). 

3. Extended Dynkin diagrams and Cartan involutions 

We now ascertain the /c-symmetric spaces to which our theory will apply. That 
is, we give conditions under which a choice of real form g of a simple complex Lie 
algebra g*^, Cartan subalgebra t*^ and simple roots aj yield a Coxeter automorphism 
a which preserves the real Lie algebra g. When G*^ is a simply connected or adjoint 
simple Lie group with Lie algebra g^, this ensures that the Coxeter automorphism 
preserves the real group G. 

Let ~ denote the complex conjugation of g*^ corresponding to the real form g. Define 
the conjugate of a root a by 

a{X) = a{X). 

Then from (jl7p we see that the condition for the Coxeter automorphism a to preserve 
g is that for all roots a, the height h{a) satisfies 

h{a) = —h{a) mod k, 

or equivalently that for j = 1 , . . . , A^ we have 

Uj e {-ao, . . . , -un}. 
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We will now use a Cartan involution to express this reality condition in terms of the 
extended Dynkin diagram for oq, . . . ,0^- A Cartan involution is an involution G 
of g such that 

{X,Y)e = -{X,e{Y)) 

is positive definite, where (•, •) denotes the Killing form. Using complex-linearity, Q 
extends to an involution of q^. We may [12J Prop. 6.59] choose a Cartan involution 
which preserves the Cartan subalgebra t. 

Proposition 3.1. Let g be a real simple Lie algebra, t a Cartan subalgebra and 
be a Cartan involution preserving t. Choose simple roots ai,...,aN for the 
root system A(g'^,t'^) and let a be the corresponding Coxeter automorphism of g*^ 
defined in (I16p . Then the following are equivalent: 

(1) a preserves the real form g, 

(2) a commutes with 0, 

(3) G defines a permutation of the extended Dynkin diagram for g*^ consisting 
of the usual Dynkin diagram augmented with the lowest root ao. 

Proof. Write t = I © p, where [, p are respectively the (-l-l)-eigenspace and (— 1)- 
eigenspace of the action of G on t. Then |12i Cor. 6.49] all roots a are real on p 
and imaginary on [, and defining the action of G on roots by G(a)(X) = a{Q{X)) 
we have that 

G(a) = —a for all roots a. 
If Roi is a root vector for a, then Ra is a root vector for a and Q{Ra) is a root 
vector for G(a). We assume that our root vectors are chosen so that 

and write -Re(a) = Ca@{Ra)- Then using (fT7|l . a straightforward computation shows 

that c7oG(i?o) = Qoa{Ra) if and only if a{R-a) = cr{R-a), proving the equivalence 
of conditions (1) and (2) above. 

The Cartan involution commutes with a if and only if for all roots a, the height 
function h satisfies 

h{Q{a)) = h{a) mod k, 
or equivalently when G defines a permutation oi ao,ai, . . . ,aN. All automorphisms 
of a Lie algebra preserve the Killing form and hence a Cartan involution G as above 
defines a permutation of the extended Dynkin diagram and we see the equivalence 
of conditions (2) and (3). □ 

We next show that every involution of the extended Dynkin diagram for A(g'^,t'^) 
does indeed arise from a Cartan involution for some real form g with G-stable Cartan 
subalgebra t = g n t*^. A G-stable Cartan subalgebra t of g is maximally compact 
if and only if G preserves a set of simple roots for the root system A(g, t) [12l p 
387]. Hence when t is maximally compact, a Coxeter automorphism a must stabilise 
the real form g. (In particular, all Cartan subalgebras of a compact real form g are 
maximally compact.) The more interesting case then is when the Cartan subalgebra 
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t is not maximally compact, which corresponds to the involution of the extended 
Dynkin diagram acting nontrivially on the lowest root ag. 

Theorem 3.2. Every involution of the extended Dynkin diagram for a simple com- 
plex Lie algebra is induced by a Cartan involution of a real form of g^. 

More precisely, let be a simple complex Lie algebra with Cartan subalgebra and 
choose simple roots cki, . . . , ctTv for the root system A(0''^, t"^). Given an involution tt 
of the extended Dynkin diagram for A, there exists a real form g of and a Cartan 
involution Q of g preserving t = g PI t*^ such that Q induces vr and t is a real form of 
t^. The Coxeter automorphism a determined by ai, . . . , preserves the real form 
0- 

Proof. Let vr be an involution of the extended Dynkin diagram. Denote also by vr 
the corresponding involution of the set {0, 1, ... , A''} and the induced involution of 
(t*^)* which preserves the root system A and satisfies 7r(aj) = a^[j)- 

Let {Haj i?a I a G A} be a Chevalley basis. That is, writing a# for the dual of the 
root a with respect to the Killing form k we set Ha = (2/K(a#, q;*))q;* and we 
choose the root vectors Rq, so that 

[Ra 1 R—a] ~ . 

and such that the structure constants c^^^ defined by [Ra,Rp] = Ca,pRa+0 satisfy 
C-a,-i3 = —Ca,0- For any 6q,^. G C for j = 1, . . . , N, we obtain an automorphism G 
of g*^ compatible with vr by requiring that @{Raj) = bajR-jr^aj) foi" J = 1, . . . , and 
that {7r{Ha),Q{Ra) \ « G A} is a Chevalley basis. Our first task is to verify that 
for an appropriate choice of baj , the resulting G is an involution. 

Given tt and bai , • • • , &ajv ' root a we define fe^ G C by the equation G(i?Q.) = 

baRiT{a)- The automorphism G will be an involution precisely when bajba^^^^ = 1 
for j = 1, . . . ,N. For the j with 7r(j) 7^ 0, we can clearly guarantee this by taking 
ba^{j) = ^aj- We will show that bai, ■ ■ ■ ,baff can be chosen so that additionally 

We may express Ra^ as C[i2_^^, [R-132, ■ ■ ■ , [^-fe-i' -^-fe] • • •]] some non-zero 
constant C and simple roots Pi such that X^^i Pi = —cxq. Now writing uq = 
— Ylj=i fnjOLj we have 

N 

(18) 6ao-Ra^(o)=e(iia(,) = C'II^™aj[-R-7r(/3i)5 [^-7r(/32)> • • • i [^7r(fe-i) ' ^-7r(/3if )] • • •]] 

and &'^{Rao) = ajLiib-ajb-a^^.^)""^ Rao, implying 

N 
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Using that {TT{Ha),Q{Ra) \ ol G A} is again a Chevalley basis and that an auto- 
morphism of the extended Dynkin diagram must preserve the Kilhng form gives 

_ K(7r(aj)),7r(aj))) _ ^ 

Hence 

N 

where the last equahty uses the assumption hajba^^..^ = 1 for 7r(j) / 0. We therefore 
automatically have ba^ha^^^^^ = ±1. Considering (fT8|) shows that if there exists j 
such that 7r(j) = j and rrij is odd then by switching the sign of ba^ if necessary we 
may ensure that ftapfeo^^Qj = 1. 

It remains to give a method of proof for when there is no a-j with raj odd that is 
fixed by vr. If 7r(0) = then there is nothing to prove so we assume henceforth that 
7r(0) 7^ 0. Suppose 7 is a positive root such that 

(a) the expression 7 = '}2,^=i '^j^j ^ ^ sum of simple roots has n^(o) = 0; 

(b) 7r(7) + a^(o) is also a root, and 

(c) 7 + ao = -vr(7) -a^(o)- 

From (c) we have that 

[[Rj, Rag], , -R,r(0)]] ~ '^7,«o''7r(7),7r(Qo)'^7+"0' 

Applying B gives 

[[^7-^77(7) 5 ^Q!o^7r(0)] 7 [^7r(7)-^77 ^a^(o) -^ao]] ~ ~'^7,ao ''i"(7),7r(ao)'^7+°0 

and so 

(19) 6^6^(^)6oo^„^(o) = 1- 

We may write R-y as C"[i?^/ , [i?^^ . . . [Ri3'^, 1 • • •] ^^^^ a non-zero constant 

and /3j' 7^ 077(0) simple roots satisfying ^f^i = 7. Then 



b^b^(^^)R^ = Q^{Ry) = \ \\bpibp>^^ 



K' 

^ R. 

1 = 1 



7- 



However for simple roots aj with Tr{j) 7^ we chose b^j so that ba-ba^^.^ = 1 and 
hence b^b^^i^^-^ = 1. Substituting this into (fT9]) gives that 6ao^o,r(o) ~ 1' required. 

A similar argument applies if there are positive roots 7, 5 such that 

(i) the expressions of 7, 5 as sums of simple roots do not contain a^(o), 

(ii) -7r(7) + a7r(o) and 5 + ■k{5) are also roots, and 

(iii) 6 + 7r(5) + 7 + 71(7) = -oq - a^(o)- 
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Here we know there is some non-zero constant C" such that 

[[R^,,Ra^], i?7r(o)]] = C"[R^s-,R-tt{5)\ 

and as above applying Q gives 

By (i) we know b-ybj^(^j^ = 1 and b-sb—,r{5) = 1 so conclude that ba^^g^bao = 1- 

To show that every involution of the extended Dynkin diagram extends to an invo- 
lution of the Lie algebra we now consider the involutions of each of the diagrams 
and, for those that do not fix some aj with odd nij, identify a suitable root 7 or 
pair of roots 7, 5. 



An 




a2 Q 




Bm o- 



c^=^o 

0!N-1 a.N 



Cn 



=#0- 



ao Qi a2 Qiv-i ajv 

Qo • ajv-i o 



Dpj o 



Ql 02 



O 

C(N~2 a.N 



Ej O O O O O O • 

Q7 aa Q5 04 Q3 ai qq 



012 



Eq o o 6 o o 

ae as 04 as ai 



F4 • O C^=» O 

ao ai Q2 as Q4 



a2 Q 



-O O O O O O 



G2 • C^^» 

Qo ai Q2 



ao ag Qf7 Qe as 04 03 ai 



Figure 1. Extended Dynkin diagrams, with the lowest root ao coloured. 



For a root system of type A^, the simple root coefficients rrij = 1 for all j = 1, . . . , A'^. 
Thus any diagram involution fixing some node is induced by an involution of the Lie 
algebra. By inspection of the extended Dynkin diagram shown in Figure El we see 
that when N is even, every involution of the extended Dynkin diagram fixes some 
aj. When N is odd we need to consider the rotation 7r(j) = j + ^{N +1) mod (iV+1) 
and reflections. 

For the involution 7r(j) = j + ^{N + 1) mod (A^ + 1), the root 7 = ai + a2 + • • • + 
cti(Ar_i) satisfies conditions (a), (b), (c) above. 
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Consider now an involution vr coming from a reflection. Since we tiave automatically 
covered the cases when there is a fixed root we can assume that there are an even 
number of roots between oq and 7r(Qo) going in each direction around the circle. 
Indeed the axis of reflection is between the nodes (vr(0) — l)/2 and (7r(0) + l)/2 and 
between {N + vr(0))/2 and (TV + 7r(0))/2 + 1. The roots 

7 = ai + 02 + . . . + a(^(o)_i)/2 and (5 = a7r(o)+i + a7r(o)+2 • • • + "(7r{o)+Af)/2 
satisfy conditions (i), (ii), (iii) above. 

There is only one involution of the root system of type B^, which sends to qi 
and fixes everything else. We can choose 7 = Q2 + • • • + oat. 

For root systems of type Cn there is again only one involution; 7r(aj) = a^-i- Here 
choose 7 = ai + . . . + on-i- 

For Dn, mi = mN-i = mriM = 1, and so we need only consider involutions which 
do not fix any of these vertices, of which there are three. These are involutions with 
7r(0) = l,iV- 1 or iV. If 7r(0) = 1 then let 7 = a2 + --- + aA-i, and if 7r(0) =N -I 
or A^, take 7 = ai + 02 + . . . + aA-2- 

For the root system Eq, all involutions of the diagram fix the vertex 04 and m4 = 3 
is odd. 

The unique involution of the extended Dynkin diagram for satisfies 7r(ao) = otj. 
A list of all positive roots of Ej are tabulated for example in p 1524-1530]. Let 
7 = ai + 02 + 2a3 + 2a4 + as + ag, so 7r(7) = ai + a2 + Oi^ + 204 + 2a^ + ae and 
7r(7) + 0,^(0) = oi + 0:2 + 03 + 20:4 + 2a5 + + a^ is also a root. Furthermore 
7 + 0,^(0) + "^(7) = 2ai + 2a2 + 3a3 + 4a4 + 3q5 + 2a6 + a^ which is the highest root. 

The extended Dynkin diagrams of type Es,F4^,G2 do not possess any involutions. 

We have then shown that given any involution vr of an extended Dynkin diagram for 
(g^^jt"'), there exists an involution of preserving t*^ and inducing vr. It remains 
to show that there is a real form g of g'^ for which is a Cartan involution and 
such that n t*^ has full rank. For any choice of simple roots we may consider the 
corresponding Borel subalgebra b*^ = 0QgA+ ^^"^ ® 
preserves the set of simple roots if and only if it preserves the corresponding Cartan 
and Borel subalgebras. Now by [111 Theorem 8.6] there exists an automorphism ^ 
of g^ such that ^'0^'"^ acts on the corresponding simple and lowest root vectors 
Raj in the Chevalley basis simply by scaling them by ±1, and hence preserves the 
Cartan and Borel subalgebras t*^ and b*^. Then preserves the Cartan subalge- 
bra ^'~^(t'^) and the Borel subalgebra ^~^{b'^) and hence the set of simple roots 
"^~^{ai, . . . , Oat}. Then there exists a real form g' of g*^ with respect to which is 
a Cartan involution and such that g''^^^{t^) is a Cartan subalgebra of g' [I2l proof 
of Theorem 6.88]. 

Let denote the (+l)-eigenspace of and L*^ a complex Lie group with Lie algebra 
f. In ^ Theorem 1] (c.f. \W, Proposition 2.1]) it was shown that for a given real 
form g' and 0-stable Cartan subalgebra of a simple complex Lie algebra g*^, there 
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exists a 6-stable Cartan subalgebra t' of g' and / G such that t*^ = Adi(t')'^. 
Hence g = Ad^ g' is a real form of g^ for wliich t = g PI t*^ is a 0-stable real form of 
t*^ and is a Cartan involution of g. 

By Proposition 13 . 1 1 the Coxeter automorphism corresponding to the choice of simple 
roots ai, . . . , preserves the real form g and in particular the Cartan subalgebra 
i. □ 



4. TODA FRAME 

We now explore the relationship between cyclic primitive maps and the affine Toda 
field equations. Henceforth G shall denote a simple real Lie group, T a Cartan 
subgroup and ai, . . . , aA? simple roots such that the resulting Coxeter automorphism 
a preserves the real group G. This Coxeter automorphism then gives G/T the 
structure of a /c-symmetric space, where k — 1 \s the maximum height of a root of 
g*^. We shall consider cyclic primitive maps if) from the complex plane into G/T 
and will see that cyclic primitive maps ■0 : C — )• G/T arise from and give rise to 
solutions of the two-dimensional affine Toda field equations for g. Our results also 
apply to maps from a simply-connected coordinate neighbourhood of any Riemann 
surface. 

The famous Toda equations arose originally as a model for particle interactions 
within a one-dimensional crystal, with the affine model corresponding to the particles 
being arranged in a circle. They have been the subject of extensive study, both as a 
completely integrable Hamiltonian system and in the context of Toda field theories. 
The standard form of the afiine Toda field equation for g on the complex plane is 

N 

(20) 2fi,, = J^m,e2-^(^)Q; 

i=o 

Here : C — )• it is a smooth map, the lowest root oq is given by 

N 

ao = — "^j^j: 
i=i 

we set rriQ = 1 and are root vectors such that a\ is the dual of q,- with respect 

3 J -J 

to the Killing form. Using ([31), since the Coxeter automorphism preserves the real 
form g there exists a permutation vr of the roots ag, ai, . . . , OAf such that 

(21) Q- = -a^f^-y 

We shall consider the generalisation of the affine Toda field equations obtained by 
allowing mo, mi, . . . , m^r to be any positive real numbers such that "2-7r(j) = ^fnj and 
Ra^ to be any root vectors satisfying R^^ = R-a^^j-^ ■ 

Given a cyclic element W = '^f=QrjRaj of gj, we say that a lift F : C — >■ G of 
V' : C — >■ G/T is a Toda frame with respect to W if there exists a smooth map 
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0, : C ^ it such that 

(22) F-^F, = n, + Ade.pnW. 

We call an affine Toda field with respect to W . The motivation for this nomen- 
clature is 



Lemma 4.1. Fix a cyclic element W = "^f^QfjUa^ of q1 such that 
and Ra^ = R-a^Q-^ ■ 

The affine Toda field equation (j20p is the integrahility condition for the existence of 



a Toda frame with respect to W where we take mj = rjrj for j = 0, . . . , N . 

Proof. Using [R^^ , R-ai] = whenever j / we can rewrite the Toda field equation 
(|20l) as 

N 



N N 
j=0 1=0 
Prom equation (llSh we know e°'^^^'^Ra^ = Adoxpr2 Raj and also 

pai{n)n _ -ai(-n)Tj —Ad n/? 

If we set W := ^^=QfjRaj with the normalisation is described in the lemma then 
since X^jLo Rj^oj = Ylf=o RjR~aj, the Toda field equation becomes 

2n,s = [Adexp n W, Adcxp -n W] . 

Now for any given J7 : C — )• it the integrability condition for the existence of a Toda 
frame with respect to W is the Maurer-Cartan equation ([TJ for 

^ = {n, + Adexp Q W)dz + (1^5 + Adcxp W)dz. 

Namely, this integrability condition is 

= i-n, + Adexp - i^z + Adexp 
+ + Adexpf^VF, + Adexp 

= -2n,2 + [Adexp nVF, Adexp -nW], 
which is precisely the Toda field equation. □ 

Recall that we write ao = — Z^jLi ^j'^j the expression of the lowest root ao hi 
terms of the chosen simple roots ai, . . . , oat. Given F : C — ?• G with 

N 

(23) F-'F,\,^^=J2cjRa„ 

j=0 
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we say that a cyclic element 

N 

(24) W = Y,rjRa, 

j=0 

Qi is normalised with respect to F : C — > G if 

N N 

''oii^r =^o^s™'• 
Theorem 4.2. A map V' : C — )• G/T possesses a Toda frame if and only if it is cyclic 
primitive Let ip : C ^ G /T be a cyclic primitive map possessing a frame F : C G 
such that Co 11^=1 '^^^ ^-^ constant, where cj are the root coefficients defined in (f25|) . 
Then for any cyclic element W of qI which is normalised with respect to F there 
exists a Toda frame F : C G of ^ with respect to W . Furthermore if ijj and F are 
doubly periodic with lattice A then so is the Toda frame F . 

Conversely, if ijj : C G/T has a Toda frame F with respect to cyclic W Qi then 
ip is cyclic primitive and W is normalised with respect to F. In particular then the 
root coefficients Cj are such that cq Y[f=i ^-^ constant. 

Proof. Consider the frames F := i^expX of ^ijj where X : C — > t. For such F we 
have F-^F^ = Adexp-x -^"^-^^ + and so 

= Adexp-x F-^Fzl^l- 
This implies the Toda condition of AdexpQ W = F~^Fz\qi is equivalent to 

N 

(25) Adexp(x+Q) W = F-^F.Isj = ^J^»^ ■ 

j=0 

Using equation (|15p we can rewrite this as 

N N 

Y^r,e-^^^^^)R^^='£c,R^^. 

j=0 j=0 

Comparing root space coefficients implies that 

(26) e"^(^+^) = ^ for j = 

and ro Y[jLi{e"'J^^'^^'))~"^^ = cq. Since W is normalised with respect to F and C is 
simply connected, we can solve for X + Q. We can then find $7 and X from AT + $7 
by taking its t and it components respectively. 

It remains to show that ^l^dz = F~^dF\i = From the component ([8]) of the 
Maurer-Cartan equation for ip we have 

5(Adexpn W) - [AdexpQ W, ip[] = 
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or equivalently 

[Ade.pnW,^[-dn]=0. 
Since W is cyclic so is AdcxpQ W and thus ip[ = 

Conversely, given W and a solution to the corresponding afHne Toda field equation, 
the resulting Toda frame F is primitive. Furthermore the equation 

N N 
j=l j=0 

implies that tq Y[f=i '^j"^ = '^0 Y[f=i ^"^^ hence cq Y\^=i is a non-zero con- 
stant. This implies that the Cj are nowhere zero and tjj is cyclic primitive. 

Now suppose F is doubly periodic with respect to a lattice A. Then for j = 1, . . . A'^, 
from (p6|) we see that e"j(^+^) is doubly periodic with respect to A and so 

N 

exp(X + = exp(E + 
is also. Given any T € A it follows that 

(27) exp(A:(2 + r) - X{z)) = exp(J7(z) - n{z + T)). 

Using the conjugation map g*^ — )• g*^ which fixes g, we obtain from ()27p that 

(28) exp(A:(z + r) - X{z)) = exp(-0(z) + 0(z + T). 

When combined, (127p and (I28p imply that exp(X(2; -|- V)) = exp(z)) for all z and 
hence exp X is doubly periodic with lattice A. 

Since F and expX are both doubly periodic with lattice A we know F = i^expX 
is also. □ 

Our chief interest lies in cyclic primitive ij) which are doubly periodic, as it is these we 
shall show are of finite type. We henceforth restrict our attention to doubly-periodic 
maps and denote by C/A any genus one Riemann surface. Let be a cyclic element 
of q1 as before. We say that a frame F : C/A ^ G oi ip : C/A ^ G/T is a Toda 
frame with respect to if F is a Toda frame of ip when both are considered as 
maps from C. From the proof of Theorem 14.21 we make the following observation, 
which will prove useful in the next section. 

Lemma 4.3. // F : C/A ^ G is a Toda frame of ip : C/A G/T then the 
corresponding affine Toda field VL : C ^ ii has the property that exp and VL^ o,re 
doubly periodic with lattice A. 

5. Finite type result 

We will now show that all smooth maps tp from a 2-torus C/A into the /c-symmetric 
space G/T which have a Toda frame are of finite type. Hence all such maps can 
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be constructed from a pair of commuting ordinary differential equations on a finite- 
dimensional loop algebra. In [2] it was shown that all semisimple adapted harmonic 
maps of a 2-torus into a compact semisimple Lie group are of finite type. We prove 
our finite type result by adapting the methods of that paper. Note that the existence 
of a Toda frame forces ■0 to be cyclic primitive. 

A map y : C/A — )■ 0*^ is called a Jacobi field if there exists Q : C/A ^ such that 

(29) dY + [F-^dF, Y] = (n, + p, F'^F,]^ dz + (^-tl, - [U, F-^F,]^ dz. 

If Ft is a family of Toda frames with corresponding ilj : C — > it then ^Ft\t=o is a 
Jacobi field with (} = ^^lt\t=o- Note that if 17 = the Jacobi equation is the Killing 
field equation. 

Let F be a Toda frame for ^0 : C — > G/T. We have 

F^^dF = {n, + Adexpn W)dz + i-n, + Adexp-Q 

for some : — ?> it and cyclic W & Qf. Let y be a Jacobi field with corresponding 
: — 7> it. Then Y must satisfy 

(30) + [n, + Adexp nW,Y] = n, + [n, Adexp n W] 

(31) y^ +[-J7, + Adexp y] = -17,-- [17, Adexp -nW]. 

Taking ([SODg- ([311 ^ we obtain 

'^^zz — ~ [Adexp fl 

W, [n, Adexp -n W]] - [Adexp W, [Q, Adexp n W]] . 

Since 17 and W are fixed, we see that 17 satisfies a linear elliptic partial differential 
equation. As the torus is compact, the space of possible 17 is finite dimensional. 

Lemma 5.1. Suppose ip : C/A — )• G/T is a cyclic primitive map possessing a formal 
Killing field Y = X^-,<i ^''Yj € 17'^0'^. Then has a (real) polynomial Killing field 
with highest term Yi. 

Proof. We will find an infinite number of linearly independent Jacobi fields for which 
some linear combination must be a formal Killing field. Since y is a formal Killing 
field, we have (fT3]) . 



i<i 

Comparing coefficients of A-' gives the equations 

(y,).dz + [(^;,y,] + [¥^;,y,-i] = o, 

{Y,),dz + [^'l,Y,] + [^';,Y,+,] = 0. 

For each I G Z"*" set 

y':=^y-fc/+ E ^'^''^r 

-kl<j<l 



20 



EMMA CARBERRY, KATHARINE TURNER 



We will show that the are all Jacobi fields. Considering the coefficients separately 
gives 

^1, 



-y-ki, ^^'0 



Since y_ 



-kl & Qo = i we can set Q~ := ^I-m- 
to (|29p and hence is a Jacobi field. The space of potential Q is finite dimensional, so 
there must be a non-trivial finite linear combination of the which equals 0. The 
corresponding finite linear combination of the Y^ is a formal Killing field. Since the 
highest order terms of the Y^ are each Yi we can rescale this formal Killing field to 
one with highest order term Yi. After multiplying by an appropriate power of A'^ 
we may also assume that the degree of the lowest term has smaller absolute value 
than the degree of the highest term. Then ^ + ^ is a polynomial Killing field for ^ 
and by construction has highest order term Yi. □ 



1 



YLt;. With this choice of Y is a solution 



Theorem 5.2. Suppose ijj : C/A 
is of finite type. 



G/T has a Toda frame F : C/A ^ G. Then tp 



Proof. Let F : C/A ^ G be the Toda frame of ip with corresponding (7 : C/A — > it 
and W Qi- Recall that ip is of finite type if it has an adapted polynomial Killing 
field ^, that is a = J2'j=-d ^''^j ™ ^^^^ ^^^^ twisted loop algebra Q.'^q satisfying the 
Killing field equation (fT3|) and such that 

+ A^AdexpnW. 

Since G was assumed simple, the complexified Lie algebra is simple and hence has 
a faithful linear representation so can be regarded as a subalgebra of some gl{m, C). 
If we set 

D = d - a.dn^dz-n^dz 

then we can rewrite psp as 

D^x = [Ca, {2n, + A Adexpn W)dz + i-2n, + A"^ Ad,,p. nW)dz]. 

From (i(AdexpC W^) = [fl.z,AdexpnW]dz+[AdexpnW,Qz]dzweknowDAdcy,pnW = 
0. 

Writing V = ker adAd^xp n ^^d V-^ = imadAdexpn H^) "^^ have a bundle decomposi- 
tion C/A X g*'- = y © y-*-. Furthermore 

VV C V, V^V C V^, VV^ C V^. 

Let X = \^Xk where the X]^ are sections of V-^. We seek X such that 

(32) y = (l + X)-iAdexpoW^(l + X) 
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is a solution of the Killing field equation. Note that 

DY = {1 + X)-i[Adexpn W, DX{1 + X)-\l + X), 
and define a one-form k by 

K={l + X){{2Vl, + \M^^^nW)dz + {-2a-, + \-^ kd^^^_nW)dz-DX){l + X)-^. 

Routine calculations show that 

DY + [(217, + A Adcxp n W)dz + (-20^ + A'^ Adexp -n W)dz, Y] 

= (l + X)-i[Adexp^l^,-«:](l + X) 

and hence Y satisfies the Killing field equation if and only if k takes values in V . 

Our task then is to construct X so that k takes values in V . We have 

k' ■{l + X) = {l + X){2n, + A Adexpn W)dz - dX 

where k' • (1 + X) denotes multiplication. Note that Q.z is valued in as it lies in 
f. 

The splitting of k' • (1 + X) into its V and components is 
{V): = (AAdcxpnVF + (2X0,)^)dz 

{V^) : k' -X = (in, + {2Xn,)^ + XX Adcxp n dz - D'X. 
Substitution implies 

(33) X[Adc^pnW,X]dz = 2(n, + (XQ^)^ - {Xn,)^X^dz - D'X. 

Conversely if ([33]) holds then k' = {X Ade^puW + {2XQ,)^) dz and so k' takes 
values in V. Comparing the A-' coefficients on both sides of ()33p we can solve for X 
inductively over j by at each stage requiring Xj € im ad Adexp n w and 

[Ade^pnW,Xi] = 2n, 
[Adexp n W,Xj_i]dz = 2((X,17,)^ - ^ {XsQ.fXiyz - DXk. 

s+l=j 

Define Va = d + ad<^^ and note that ([7]) says precisely that Va is a flat connection 
in the trivial bundle C/A x q^. With X as above we have V^Y = 0. We wish to 
show that V^y = also, as this will imply that Y satisfies the Killing field equation 

m- 

Define B by 

(34) V'{Y = {1 + X)-^B{1 + X). 
Using Adexp Q W = il + X)Y{1 + X)-i and 

Vi Adexp f7 W = i-n, + A-l Adexp -n W, Adexp n W]dz 

we obtain 

Bdz = [{-Qs + X'^ Ade^p-nW)dz - ViX{l + X)-\ Adexp n W] 
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which shows that B takes values in V^. 

As Va is a flat connection we have commutativity of covariant derivatives and hence 
V^V"y = which we write as 

(35) -Va^(1 + X)-^B + V\B + BV\X{1 + X)-'^ = 0. 
Since V\B = D'B + [20.^ + A Adexpf^ W,B]dz, we can rewrite ([351) as 

(36) D'B = [V^Xil + X)-^ + {XAd^^pnW - 2n,)dz,B]. 

From its defining equation (|34p we know that B is of the form X^j<rf A-^Sj. We will 
show that B = 0. Suppose not, then there is some non-zero top coefficient B^. Since 
X has only negative powers of A, the A*^"*"^ term in (j36p is 

However we know that Bd € and hence it must be zero. Thus V^y = and Y 
satisfies the Killing field equation. From ([5^ we see that Y is of the form Ylj<o ^'^^j 
and furthermore Yq = AdexpC W. 

We now need to project this Y onto Q'^{q'^) to get a solution to the Killing field 
equation in the correct loop algebra. 

Representations of simple Lie algebras are completely reducible and we have identi- 
fied with a subalgebra of Ql{m,C) so it must have a complementary subspace in 
g[(m,C) which is invariant under the adjoint action of g^. This means there exists 
a projection map vr : il{gl{m,C)) ^(o^) such that 

dTr(Y) = 7i{dY) = 7r([y,99A]) = [7i{Y),^x\- 

Thus we have that iriY) G ^1(3*^) satisfies the Killing field equation. Furthermore 
Yq = 7r(AdexpnVF) = Adexpf^T^. Set Y = XY = Ej<i ^^'^j-i and note that 
yi = yo = AdexpcVF. 

We want to project Y onto Q.'^{q^). Consider the map 

TT- := hu+e-^a^ + e'^V^^' + . . . + e-C^-i)^^^-!)^') 
■' k 

where e is the k-th. primitive root of unity. This map vrj projects any element in g*^ 
to its part in gj. Thus we can define tt^ : ^{q^) — > 0°'(g^) by 

j j 

Then ^ = Tr'^iY) satisfies 

d| = [i, n, + X Adexpf^ W)dz + {-n, + A-l Adexp -n W)dz] 

and ii = Yi = Adexp n W. 

Now we may apply Lemma lS.ll to ^ to conclude the existence of a (real) polynomial 
Killing field ^ whose top term, ^rf, is Adexp n W. 
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The d — 1 coefficient of ^2 = + A Adexpn W] is 

(Adexpn W), = [Adexpf^ VF, n,] + [Cd-l, Adexpf^ W] 

whicfi implies 

[Cd-l -2f7„Adexpt7l^] =0. 

Since is a cyclic element and ^^-i — 2^1^ € t we conclude — 2Qz = and 
hence ( satisfies the theorem. □ 

References 

[1] A. A. Belavin and V. G. Drinfel'd. Solutions of the classical Yang-Baxter equation for simple 
Lie algebras. Funktsional. Anal, i Prilozhen., 16(3):l-29, 96, 1982. 

[2] A.I. Bobenko. All constant mean curvature tori in R^, and in terms of theta-functions. 
Math. Ann., 290(2) :209-245, 1991. 

[3] J. Bolton, F. Pedit, and L.M. Woodward. Minimal surfaces and the affine Toda field model. 
J. Reine. Angew. Math., 459:119-150, 1995. 

[4] F. Burstall, D. Ferus, F. Pedit, and U. Pinkall. Harmonic tori in symmetric spaces and com- 
muting Hamiltonian systems on loop algebras. Annals of Math., 138:173-212, 1993. 

[5] F. E. Burstall and F. Pedit. Harmonic maps via Adler-Kostant-Symes theory. In Harmonic 
maps and integrable systems. Aspects Math., E23, pages 221-272. Vieweg, Braunschweig, 1994. 

[6] F.E. Burstall. Harmonic tori in spheres and complex projective spaces. J. Reine Angew. Math., 
469:149-177, 1995. 

[7] E. Carberry and K. Turner. Harmonic tori in de Sitter spheres. In preparation. 

[8] J. Cheeger and D.G. Ebin. Comparison Theorems in Riemannian Geometry. Lecture Notes in 

Math. American Mathematical Society, 1975. 
[9] D. Ferus, F. Pedit, U. Pinkall, and I. Sterling. Minimal tori in S*. J. Reine. Angew. Math., 

429:1-47, 1992. 

[10] N. Hitchin. Harmonic maps from a 2-torus to the 3-sphere. J. Differential Geom., 31:627-710, 
1990. 

[11] V. Kac. Infinite dimensional Lie algebras. Cambridge University Press, 1994. 

[12] W. Knapp. Lie groups beyond an introduction. Birkhauser, Boston, MA, 2002. 

[13] Toshihiko Matsuki. The orbits of affine symmetric spaces under the action of minimal parabolic 

subgroups. J. Math. Soc. Japan, 31(2):331-357, 1979. 
[14] U. Pinkall and I. Sterling. On the classification of constant mean curvature tori. Annals of 

Math., 130(2) :407-451, 1989. 
[15] K. Pohlmeyer. Integrable Hamiltonian systems and interactions through quadratic constraints. 

Comm. Math. Phys., 46:207-221, 1976. 
[16] John Rawnsley. Noether's theorem for harmonic maps. In Differential geometric methods in 

mathematical physics (Jerusalem, 1982), volume 6 of Math. Phys. Stud., pages 197-202. Reidel, 

Dordrecht, 1984. 

[17] K. Uhlenbeck. Harmonic maps into Lie groups: classical solutions of the chiral model. J. 

Differential Geom., 30(l):l-50, 1989. 
[18] N. A. Vavilov. Do it yourself structure constants for Lie algebras of types Et. Zap. Nauchn. 

Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI), 281(Vopr. Teor. Predst. Algebr. i Grupp. 

8):60-104, 281, 2001. 

[19] David A. Vogan. Irreducible characters of semisimple Lie groups. HI. Proof of Kazhdan-Lusztig 

conjecture in the integral case. Invent. Math., 71(2):381-417, 1983. 
[20] J.C. Wood. Harmonic maps into symmetric spaces and integrable systems. In Fordy, A. P. and 

Wood, J.C., editors. Harmonic Maps and Integrable Systems, volume E23 of Aspects Math., 

pages 29-55. Vieweg, Braunschweig, 1994. 



